	Velocity at point D

	Student Answer
	Feedback

	Case:  Non-turning point.

v is not tangent to a curved track.
	The direction of the velocity of a ball indicates the direction that the ball is moving.  The velocity of a moving ball is always tangent to the ball’s trajectory (the path the ball follows, i.e., the track).  The direction you chose for the velocity at point D is not tangent to the track at point D.  

The diagrams below show a vector that is tangent to a curved track and two other vectors that are not.
[image: ]


	Case:  Non-turning point for freeball

v is not tangent to trajectory.
	The direction of the velocity of a ball indicates the direction that the ball is moving.  The velocity of a moving ball is always tangent to the ball’s trajectory (i.e., the path the ball follows).  The direction you chose for the velocity at point D is not tangent to the trajectory at point D.  

The diagrams below show a vector that is tangent to a curved trajectory and two other vectors that are not.
[image: ]




	Case:  Non-turning point.

v is not tangent to a curved track.
(2nd answer)
	The definition of average velocity is:

According to this definition, the vector average velocity is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition indicates that the two vectors ( and ) have the same direction.  The diagrams below illustrate this idea graphically for a ball that is rolling along a curved track.

[image: ]Suppose that a ball rolls from point 1 to 2 to 3 along the track in the diagram at right.  In addition, suppose that we would like to determine the direction of the velocity of the ball when it is at position 2.  Recall that a position vector is a vector from the origin to the location of an object.  The diagram shows the position of a ball at two different instants:  just before and just after the ball passes point 2.  The location of the origin in this diagram is arbitrary.  Its location will not affect the direction of the velocity that we are computing.

Recall that displacement is the difference between the final and initial position:
.  
This is equivalent to saying that the displacement is the quantity that must be added to the initial position in order to obtain the final position:  

[image: ]The red vector in the diagram at right is arranged head-to-tail with the initial position vector.  Hence, graphically, they are being added.  Together, they start at the origin and end at point 3, just as the final position vector does.  Hence, the red vector must be the displacement vector.  As you can see, the displacement vector goes from the initial to final location of the rolling ball.  

The definition for average velocity states:
[image: ]
Since  is positive, the directions of the average velocity and the displacement vectors must be the same.  At the moment, we are concerned with the velocity’s direction, not its magnitude.  Hence, the vectors diagrammed above are only intended to show their directions, not their relative magnitudes.

[image: ]If the interval is short enough, then the average velocity for the interval is equal to the instantaneous velocity at the midpoint of the interval, point 2.   This is illustrated in the diagram at right.  Notice that the resulting velocity vector is tangent to the track (i.e., the trajectory of the ball rolling along the track).  

In summary, the velocity of the ball as it passes a given point on the track is tangent to the track at that location.  




	Case:  Non-turning point for freefall

v is not tangent to a curved trajectory.
(2nd answer)
	The definition of average velocity is:

According to this definition, the vector average velocity is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition indicates that the two vectors ( and ) have the same direction.  The diagrams below illustrate this idea graphically for a ball that is flying thru a vacuum.

[image: ]Suppose that a ball moves from point 1 to 2 to 3 along the dotted trajectory in the diagram at right.  In addition, suppose that we would like to determine the direction of the velocity of the ball when it is at position 2.  Recall that a position vector is a vector from the origin to the location of an object.  The diagram shows the position of a ball at two different instants:  just before and just after the ball passes point 2.  The location of the origin in this diagram is arbitrary.  Its location will not affect the direction of the velocity that we are computing.

Recall that displacement is the difference between the final and initial position:
.  
This is equivalent to saying that the displacement is the quantity that must be added to the initial position in order to obtain the final position:  

[image: ]The red vector in the diagram at right is arranged head-to-tail with the initial position vector.  Hence, graphically, they are being added.  Together, they start at the origin and end at point 3, just as the final position vector does.  Hence, the red vector must be the displacement vector.  As you can see, the displacement vector goes from the initial to final location of the ball.  

The definition for average velocity states:
[image: ]
Since  is positive, the directions of the average velocity and the displacement vectors must be the same.  At the moment, we are concerned with the velocity’s direction, not its magnitude.  Hence, the vectors diagrammed above are only intended to show their directions, not their relative magnitudes.

[image: ]If the interval is short enough, then the average velocity for the interval is equal to the instantaneous velocity at the midpoint of the interval, point 2.   This is illustrated in the diagram at right.  Notice that the resulting velocity vector is tangent to the dotted trajectory.  

In summary, the velocity of the ball as it passes a given point on its trajectory is tangent to the trajectory at that location.  


	Case:  Non-turning point.

v is not tangent to straight track.
	The direction of the velocity of a ball indicates the direction that the ball is moving.  The velocity of a moving ball is always tangent to the ball’s trajectory (the path the ball follows, i.e., the track).  The direction you chose for the velocity at point D is not tangent to the track at point D.  

The diagrams below show a vector that is tangent to a straight track and two other vectors that are not.
[image: ]





	Case:  Non-turning point.

v is not tangent to straight track.
(2nd answer)
	The definition of average velocity is:

According to this definition, the vector average velocity is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition indicates that the two vectors ( and ) have the same direction.  The diagrams below illustrate this idea graphically for a ball that is rolling along a straight track.

[image: ]Suppose that a ball rolls from point 1 to 2 to 3 along the track in the diagram at right.  In addition, suppose that we would like to determine the direction of the velocity of the ball when it is at position 2.  Recall that a position vector is a vector from the origin to the location of an object.  The diagram shows the position of a ball at two different instants:  just before and just after the ball passes point 2.  The location of the origin in this diagram is arbitrary.  Its location will not affect the direction of the velocity that we are computing.

Recall that displacement is the difference between the final and initial position:
.
This is equivalent to saying that the displacement is the quantity that must be added to the initial position in order to obtain the final position:  

[image: ]The red vector in the diagram at right is arranged head-to-tail with the initial position vector.  Hence, graphically, they are being added.  Together, they start at the origin and end at point 3, just as the final position vector does.  Hence, the red vector must be the displacement vector.  As you can see, the displacement vector goes from the initial to final location of the rolling ball.  

The definition for average velocity states:
[image: ]
Since  is positive, the directions of the average velocity and the displacement vectors must be the same.  At the moment, we are concerned with the velocity’s direction, not its magnitude.  Hence, the vectors diagrammed above are only intended to show their directions, not their relative magnitudes.

[image: ]If the interval is short enough, then the average velocity for the interval is equal to the instantaneous velocity at the midpoint of the interval, point 2.   This is illustrated in the diagram at right.  Notice that the resulting velocity vector is tangent to the track (i.e., the trajectory of the ball rolling along the track).  

In summary, the velocity of the ball as it passes a given point on the track is tangent to the track at that location.

	Case: non-turning point.

v is opposite to the correct answer.
	Direction 8 indicates that when the ball is at point D, it is rolling toward point C, not toward point E.  Is this correct? 

	Case: non-turning point freefall

v is opposite to the correct answer.
	Direction 8 indicates that when the ball is at point D, it is moving toward point C, not toward point E.  Is this correct?

	Case: non-turning point.

v is opposite to the correct answer.
(2nd answer)
	The definition of average velocity is:

According to this definition, the vector average velocity is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition implies that the two vectors ( and ) have the same direction.  We would like to apply this definition to find the velocity at point D.  Then  and  in the definition correspond to an interval that spans point D, i.e., with an initial point just before point D and with a final point just after point D.

You indicated that the velocity of the object at point D is in direction 8.  This means that the displacement vector in the definition above for the interval that spans point D also points in direction 8.  Recall that the displacement for an interval is the vector whose tail is at the initial location and whose head is at the final location of the interval.  The interval that spans point D has an initial location just prior to point D and a final location just after D.  Does the displacement vector from the initial point to the final point really point in direction 8?

	Case: non-turning point.

v is zero.
	You indicated that the velocity at point D is zero.  There are only two cases when the velocity of an object is zero:
· The object is at rest and is still at rest a moment later.
· An object that is moving in one direction turns around and begins to move in the opposite direction.  The velocity is zero at the turning point. 
Does point D correspond to either of these cases?

	Case: non-turning point.

v is zero.
(2nd Answer)
	The definition of average velocity is:

According to this definition, the vector average velocity is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition implies that the two vectors ( and ) have the same direction.  We would like to apply this definition to find the velocity at point D.  Then  and  in the definition correspond to an interval that spans point D, i.e., with an initial point just before point D and with a final point just after point D.

You indicated that the velocity vector at point D is zero.  According to the definition above, this means that the displacement vector for the interval that spans point D is also zero.  If so, then the initial and final points for the interval spanning point D must be at the same location.  Is this true?




	Case:  v at a turnaround

direction is the same as it was just before the turnaround
	Point D is a turning point.  The direction you chose (direction 8) points uphill.  Suppose that when the ball is at point D, it really is rolling uphill as you indicated.  If this were true, then an instant later the ball would have rolled even farther uphill.  Does the ball roll uphill past point D?  

	Case:  v at a turnaround

direction is the same as it was just before the turnaround
(2nd answer)
	The definition of average velocity is:

According to this definition, the vector average velocity is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition indicates that the two vectors ( and ) have the same direction.  We would like to apply this definition to find the velocity at the turning point.  Then  and  in the definition correspond to an interval that spans the turning point, i.e., with an initial point just before the turning point and with a final point just after the turning point.  The diagrams below illustrate this idea graphically for a ball that is turning around.

[image: ]Suppose a ball rolls uphill past point 1, turns around at point 2 and then rolls downhill past point 3.  Since the ball has turned around, points 1 and 3 correspond to the same location.  The position of the ball is a vector that points from the origin to the location of the ball.  The location of the origin in the diagram is arbitrary.  Its location will not affect the velocity we are trying to compute.  Since points 1 and 3 represent the same point, the position vectors at these two instants are also the same.  If this is true, what is ?  What is ?

	Case:  v at a turnaround

direction is the same as it is just after the turnaround
	Point D is a turning point.  The direction you chose (direction 8) points downhill.  Suppose that when the ball is at point D, it is already rolling downhill as you indicated.  If this were true, then the ball must have come from a location farther uphill than point D.  Is the ball ever located farther uphill than point D?

	Case:  v at a turnaround

direction is the same as it is just after the turnaround
(2nd Answer)
	Same as 2nd answer for turnaround above.

	Case:  v at a turnaround

direction has a component perpendicular to the track
	When a ball is rolling along a track, its velocity is either:
· tangent to the track if the ball is moving, or
· zero. 
You indicated that at point D that the direction of the velocity is 8.  Is direction 8 either tangent to the track or zero?

Remember that point D is a turning point.  

	Case:  v at a turnaround

direction has a component perpendicular to the track
(2nd answer)
	Same as 2nd answer for turnaround case above.  






	Feedback for Acceleration Directions (Primary feedback)
(feedback depends on student previous selecting correct direction for the velocity)

	Student Answer
	Feedback

	Case:  Speeding up on a curve

Student indicates the angle between the velocity and acceleration is obtuse.
	You indicated that the angle between the velocity and acceleration at point D is obtuse but not 180°.  An obtuse angle smaller than 180° indicates that the ball is slowing down while following a curved path.  Is the ball slowing down at point D?

	Case:  Speeding up on a curve

Student indicates the acceleration is perpendicular to the velocity
	You indicated that the acceleration at point D is perpendicular to the velocity.  
If the angle between the ball’s velocity and acceleration is 90°, then the ball is turning but is neither speeding up nor slowing down.  Is this true?  

	Case:  Speeding up on a curve

Student states the acceleration is the same direction as the velocity
	You indicated that the direction of the acceleration at point D is the same as the direction of the velocity.  When the angle between the velocity and acceleration is 0°, then the ball speeds up while moving in a straight line.  Is the ball moving in a straight line? 

	Case:  Speeding up on a curve

Student states acceleration points toward exterior of curve
	You indicated that the acceleration at point D is directed toward the exterior of the curve along which the ball is rolling.  Is that possible?  (Hint:  the answer is no!) 

	Case:  Speeding up on a curve

Student states acceleration is opposite to the velocity.
	You indicated that the acceleration at point D is opposite in direction to the velocity.  When the angle between the velocity and acceleration is 180°, then the ball slows down while moving in a straight line.  Is the ball moving in a straight line?

	Case:  Speeding up on a curve

Student states acceleration is zero.
	You indicated that the acceleration at point D is zero.  An object with zero acceleration is either sitting at rest for a period of time or is moving with constant speed in a straight line.  Is either of these true?




	Case:  Slowing down on a curve

Student indicates the angle between the velocity and acceleration is acute.
	You indicated that the angle between the velocity and acceleration at point D is acute but not 0°.  An acute angle bigger than 0° indicates that the ball is speeding up and following a curved path.  Is the ball speeding up at point D?

	Case:  Slowing down on a curve

Student indicates the acceleration is perpendicular to the velocity
	You indicated that the acceleration at point D is perpendicular to the velocity.  
If the angle between the ball’s velocity and acceleration is 90°, then the ball is turning but is neither speeding up nor slowing down.  Is this true?  

	Case:  Slowing down on a curve

Student states the acceleration is the same direction as the velocity
	You indicated that the direction of the acceleration at point D is the same as the direction of the velocity.  When the angle between the velocity and acceleration is 0°, then the ball speeds up while moving in a straight line.  Is the ball speeding up and moving in a straight line at point D? 

	Case:  Slowing down on a curve

Student states acceleration points toward exterior of curve
	You indicated that the acceleration at point D is directed toward the exterior of the curve along which the ball is rolling.  Is that possible?  (Hint:  the answer is no!) 

	Case:  Slowing down on a curve

Student states acceleration is opposite to the velocity.
	You indicated that the acceleration at point D is opposite in direction to the velocity.  When the angle between the velocity and acceleration is 180°, then the ball slows down while moving in a straight line.  Is the ball moving in a straight line at point D?

	Case:  Slowing down on a curve

Student states acceleration is zero.
	You indicated that the acceleration at point D is zero.  An object with zero acceleration is either sitting at rest for a period of time or is moving with constant speed in a straight line.  Is either of these true at point D?




	Case:  Max/min speed on a curve

Student indicates the angle between the velocity and acceleration is acute.
	You indicated that the angle between the velocity and acceleration at point D is acute but not 0°.  An acute angle bigger than 0° indicates that the ball is speeding up and following a curved path.  The ball slows down prior to point D.  It speeds up after point D.  When the ball is exactly at point D, is it either speeding up or slowing down? 

	Case:  Max/min speed on a curve

Student indicates the angle between the velocity and acceleration is obtuse.
	You indicated that the angle between the velocity and acceleration at point D is obtuse but not 180°.  An obtuse angle smaller than 180° indicates that the ball is slowing down and following a curved path.  The ball slows down prior to point D.  It speeds up after point D.  When the ball is exactly at point D, is it either speeding up or slowing down? 

	Case:  Max/min speed on a curve

Student states the acceleration is the same direction as the velocity
	You indicated that the direction of the acceleration at point D is the same as the direction of the velocity.  When the angle between the velocity and acceleration is 0°, then the ball speeds up while moving in a straight line.  Is the ball speeding up when it is at point D?  Is the ball moving in a straight line when it is at point D? 

	Case:  Max/min speed on a curve

Student states acceleration points toward exterior of curve
	You indicated that the acceleration at point D is directed toward the exterior of the curve along which the ball is rolling.  Is that possible?  (Hint:  the answer is no!) 

	Case:  Max/min speed on a curve

Student states acceleration is opposite to the velocity.
	You indicated that the acceleration at point D is opposite in direction to the velocity.  When the angle between the velocity and acceleration is 180°, then the ball slows down while moving in a straight line.  Is the ball slowing down when it is at point D?  Is the ball moving in a straight line when it is at point D?

	Case:  Max/min speed on a curve

Student states acceleration is zero.
	You indicated that the acceleration at point D is zero.  An object with zero acceleration is either sitting at rest for a period of time or is moving with constant speed in a straight line.  Is either of these true?




	Case:  Speeding up on a straight track

Student indicates the angle between the velocity and acceleration is acute but not 0
	You indicated that the angle between the velocity and acceleration at point D is acute but not 0°.  An acute angle larger than 0° indicates that the ball is speeding up and is also turning.  Is the track at point D curved?

	Case:  Speeding up on a straight track

Student indicates the angle between the velocity and acceleration is obtuse
	You indicated that the angle between the velocity and acceleration at point D is obtuse but not 180°.  An obtuse angle smaller than 180° indicates that the ball is slowing down and is also turning.  Is the ball slowing down when it is at point D?  Is the track at point D curved? 

	Case:  Speeding up on a straight track

Student indicates the angle between the velocity and acceleration is 90°
	You indicated that the acceleration at point D is perpendicular to the velocity.  When the angle between the velocity and acceleration is 90°, then the ball is turning but is neither speeding up nor slowing down.  Is it true that the ball is neither speeding up nor slowing down as it rolls downhill at point D?  Is the track at point D curved?

	Case:  Speeding up on a straight track

Student indicates the angle between the velocity and acceleration is 180°
	You indicated that the direction of the acceleration at point D is opposite to the direction of the velocity.  When the angle between the velocity and acceleration is 180°, then the ball is slowing down while moving in a straight line.  Is the ball at point D slowing down as it rolls downhill?

	Case:  Speeding up on a straight track

Student indicates that the acceleration is zero.
	You indicated that the acceleration at point D is zero.  An object with zero acceleration is either sitting at rest for a period of time or is moving with constant speed in a straight line.  Is either of these true?





	Case:  Slowing down on a straight track

Student indicates the angle between the velocity and acceleration is acute but not 0
	You indicated that the angle between the velocity and acceleration at point D is acute but not 0°.  An acute angle larger than 0° indicates that the ball is speeding up and is also turning.  When the ball is rolling uphill at point D, is it speeding up?  Is the track at point D curved?

	Case:  Slowing down on a straight track

Student indicates the angle between the velocity and acceleration is obtuse but not 180
	You indicated that the angle between the velocity and acceleration at point D is obtuse but not 180°.  An obtuse angle smaller than 180° indicates that the ball is slowing down and is also turning.  Is the track at point D curved?

	Case:  Slowing down on a straight track

Student indicates the angle between the velocity and acceleration is 90°
	You indicated that the acceleration at point D is perpendicular to the velocity.  When the angle between the velocity and acceleration is 90°, then the ball is turning but is neither speeding up nor slowing down.  Is it true that the ball is neither speeding up nor slowing down as it rolls uphill at point D?  Is it true that the track at point D curved?

	Case:  Slowing down on a straight track

Student indicates the angle between the velocity and acceleration is 0°
	You indicated that the direction of the acceleration at point D is the same as the direction of the velocity.  When the angle between the velocity and acceleration is 0°, then the ball is speeding up while moving in a straight line.  Is the ball at point D speeding up as it rolls uphill?

	Case:  Slowing down on a straight track

Student indicates that the acceleration is zero.
	You indicated that the acceleration at point D is zero.  An object with zero acceleration is either sitting at rest for a period of time or is moving with constant speed in a straight line.  Is either of these true?





	Case:  Constant speed on a level track

Student indicates the angle between the velocity and acceleration is acute but not 0
	You indicated that the angle between the velocity and acceleration at point D is acute but not 0°.  An acute angle larger than 0° indicates that the ball is speeding up and is also turning.  When the ball is at point D, is it speeding up?  Is the track at point D curved?

	Case:  Constant speed on a level track

Student indicates the angle between the velocity and acceleration is obtuse but not 180
	You indicated that the angle between the velocity and acceleration at point D is obtuse but not 180°.  An obtuse angle smaller than 180° indicates that the ball is slowing down and is also turning.  When the ball is at point D, is it slowing down?  Is the track at point D curved?

	Case:  Constant speed on a level track

Student indicates the angle between the velocity and acceleration is 90°
	You indicated that the acceleration at point D is perpendicular to the velocity.  When the angle between the velocity and acceleration is 90°, then the ball is turning but is neither speeding up nor slowing down.  Is the track at point D curved?

	Case:  Constant speed on a level track

Student indicates the angle between the velocity and acceleration is 0°
	You indicated that the direction of the acceleration at point D is the same as the direction of the velocity.  When the angle between the velocity and acceleration is 0°, then the ball is speeding up while moving in a straight line.  Is the ball speeding up at point D?

	Case:  Constant speed on a level track 

Student indicates the angle between the velocity and acceleration is 180°
	You indicated that the direction of the acceleration at point D is opposite to the direction of the velocity.  When the angle between the velocity and acceleration is 180°, then the ball is slowing down while moving in a straight line.  Is the ball slowing down at point D?





	Case:  Turning point

Student indicates some direction other than the correct direction
	Point D is a turning point, hence the velocity at point D is zero.  You indicated that the direction of the acceleration at point D is 8.  The direction of the acceleration at a turning point is the same as the direction of the ball’s velocity immediately after the turning point.  Immediately after the turnaround, is it true that the direction of the velocity is 8?

	Case:  Turning point

Student indicates the acceleration is zero.
	Point D is a turning point so the velocity at point D is zero. You indicated that the acceleration at point D is also zero.  An object with zero acceleration either sits at rest for a period of time or is moving with constant speed in a straight line.  A zero acceleration also indicates that the velocity is not changing.  Is the velocity of the ball zero for more than one instant?  When the ball is near point D, is the velocity of the ball ever constant?  





	Feedback for Acceleration Directions (Secondary feedback)
(feedback depends on student previous selecting correct direction for the velocity)

	Case:  All cases except a=0

Feedback takes directions student selects for v and a and generates feedback as shown in this template
(2nd feedback)
	Average acceleration is defined as:
.
Notice that in this definition, one vector is equal to another divided by a scalar.  Since the scalar () is always positive, the two vectors ( and ) must have the same direction.   Hence, the direction of the average acceleration is the same as the direction of the change in velocity.  Remember that a velocity can change in two different ways:
1. The magnitude of the velocity can change (i.e., the object can speed up or slow down).
2. The direction of the velocity can change (i.e., the object can turn).

[image: ]You indicated that the direction of the acceleration at point D is 2.  The direction of the velocity at point D is 4.  The diagram at right illustrates both of these vectors.  The diagram also illustrates that the acceleration vector can be broken into two components:  one component that is parallel to the velocity () and one component perpendicular to the velocity ().


 describes how the magnitude of the velocity is changing.  If  points in the same direction as , then the object is speeding up.  If the directions of  and  are opposite, then the object is slowing down.  If  is zero, then the object neither speeds up nor slows down.  

 describes how the direction of the velocity is changing.  If  is on the clockwise side of , then the object is turning clockwise.  If  is on the counterclockwise side of , then the object is turning counterclockwise.  If  is zero, then the object is moving in a straight line.  

 for the acceleration you selected points in the direction opposite to the velocity.  This indicates that the object is slowing down.  Is this true?

 for the acceleration you selected indicates that the velocity, which points in direction 2, is turning towards direction 3.  Is this true?




	Case a=0

(2nd feedback)
	Average acceleration is defined as:
.
In words, this definition indicates that the acceleration is equal to the rate at which the velocity is changing.  Remember that a velocity can change in two different ways:
1. The magnitude of the velocity can change (i.e., the object can speed up or slow down).
2. The direction of the velocity can change (i.e., the object can turn).

You indicated that the acceleration at point D is 0.  This means:
1. The magnitude of the velocity is not changing, i.e., the object is not speeding up or slowing down.  Is this true?
2. The direction of the velocity is not changing, i.e., the object is moving in a straight line.  Is this true?

	Case:  Speeding up on a curve

Student states acceleration points toward exterior of curve
	Remember that average acceleration is defined as:  .  
Remember that the direction of the acceleration is the same as the direction of the change in velocity.  The change in velocity is defined as:  .  Put another way, change in velocity is what must be added to the initial velocity to obtains the final velocity:  .  

You said that the direction of the acceleration is (5, 6 or 7).  That means that the direction of  is the same.  You also said that the direction of  is 4.  Imagine graphically arranging  to  head to tail in order to add them to obtain .  Does this sum give a final velocity in the correct direction?  Must an acceleration be directed toward the interior or the exterior of a curve?  

	
	




	Feedback for Acceleration Directions (Theory)
(feedback depends on student previous selecting correct direction for the velocity)

	Case:  Max/Min speed on a curve


	The definition of average acceleration is:

According to this definition, the vector average acceleration is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition indicates that the two vectors ( and ) have the same direction.  We would like to apply this definition to find the direction of the acceleration at point D.  Then  and  in the definition correspond to an interval that spans point D, i.e., an interval with an initial point just before point D and with a final point just after point D.  The diagrams below illustrate this idea graphically.

[image: ]Suppose that a ball rolls uphill from point 1 to 2, then downhill from point 2 to 3.  Since point 2 is at the top of the hill, the speed at point 2 is the slowest.  Hence the length of  is the shortest.  Assume that point 2 is at the exact center of the interval from point 1 to 3.  Then the speeds at point 1 and 3 are equal.  

Recall that the change in velocity between the final point (point 3) and the initial point (point 1) is:
.
This is equivalent to saying that  is the quantity that must be added to the initial velocity in order to obtain the final velocity:  

[image: ]The diagram at right shows the vector (the red vector) that must be graphically added to vector  to obtain .  Hence, the red vector must be .  

According to the definition of average acceleration,
[image: ]
Since  is a positive scalar, the direction of the acceleration must be the same as the direction of the change in velocity.  The relative magnitudes of  and  depend on the value of .  

[image: ]If the interval is short enough, then the average acceleration for the interval is equal to the instantaneous acceleration at the midpoint of the interval, point 2.   This is illustrated in the diagram at right.  Notice that the resulting acceleration vector is perpendicular to the velocity at point 2.  

In summary, the acceleration will be perpendicular to the velocity whenever an object turns but is not speeding up or slowing down.  In addition, the acceleration is directed toward the interior of the turn.  




	Case:  Speeding up on a curve


	The definition of average acceleration is:

According to this definition, the vector average acceleration is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition indicates that the two vectors ( and ) have the same direction.  We would like to apply this definition to find the direction of the acceleration at point D.  Then  and  in the definition correspond to an interval that spans point D, i.e., an interval with an initial point just before point D and with a final point just after point D.  The diagrams below illustrate this idea graphically.
[image: ]
Suppose that a ball rolls downhill from point 1 to 2 to 3.  As the ball rolls downhill, it speeds up.  Hence the lengths of the velocity vectors get progressively longer.  

Recall that the change in velocity between the final point (point 3) and the initial point (point 1) is:
.
This is equivalent to saying that  is the quantity that must be added to the initial velocity in order to obtain the final velocity:  

[image: ]The diagram at right shows the vector (the red vector) that must be graphically added to vector  to obtain .  Hence, the red vector must be .  

According to the definition of average acceleration,
[image: ]
Since  is a positive scalar, the direction of the acceleration must be the same as the direction of the change in velocity.  The relative magnitudes of  and  depend on the value of .  

[image: ]If the interval is short enough, then the average acceleration for the interval is equal to the instantaneous acceleration at the midpoint of the interval, point 2.   This is illustrated in the diagram at right.  Notice that the angle between the acceleration and velocity vectors at point 2 is acute but not 0°. 

In summary, the angle between the velocity and acceleration will be acute but not 0° whenever an object speeds up while turning.  In addition, the acceleration is directed toward the inside of the turn.  




	Case:  Slowing down on a curve


	The definition of average acceleration is:

According to this definition, the vector average acceleration is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition indicates that the two vectors ( and ) have the same direction.  We would like to apply this definition to find the direction of the acceleration at point D.  Then  and  in the definition correspond to an interval that spans point D, i.e., an interval with an initial point just before point D and with a final point just after point D.  The diagrams below illustrate this idea graphically.
[image: ]
Suppose that a ball rolls uphill from point 1 to 2 to 3.  As the ball rolls uphill, it slows down.  Hence the lengths of the velocity arrows get progressively shorter.  

Recall that the change in velocity between the final point (point 3) and the initial point (point 1) is:
.
This is equivalent to saying that  is the quantity that must be added to the initial velocity in order to obtain the final velocity:  

[image: ]The diagram at right shows the vector (the red vector) that must be graphically added to vector  to obtain .  Hence, the red vector must be .  

According to the definition of average acceleration,
[image: ]
Since  is a positive scalar, the direction of the acceleration must be the same as the direction of the change in velocity.  The relative magnitudes of  and  depend on the value of .  
[image: ]
If the interval is short enough, then the average acceleration for the interval is equal to the instantaneous acceleration at the midpoint of the interval, point 2.   This is illustrated in the diagram at right.  Notice that the angle between the acceleration and velocity vectors at point 2 is obtuse.  

In summary, the angle between the velocity and acceleration will be obtuse whenever an object slows down while turning.  In addition, the acceleration is directed toward the inside of the turn.  




	Case:  Constant speed on a straight track


	The definition of average acceleration is:

According to this definition, the vector average acceleration is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition indicates that the two vectors ( and ) have the same direction.  We would like to apply this definition to find the direction of the acceleration at point D.  Then  and  in the definition correspond to an interval that spans point D, i.e., an interval with an initial point just before point D and with a final point just after point D.  The diagrams below illustrate this idea graphically.

[image: ]Suppose that a ball rolls along a straight and level track from point 1 to 2 to 3.  Assume that the ball rolls at constant speed.  Hence the lengths of the velocity arrows are all the same.  
	
Recall that the change in velocity between the final point (point 3) and the initial point (point 1) is:
.
Since, the ball is rolling with constant velocity,  and  are equal.  Hence,  equals zero.  In addition, the definition of acceleration implies that the acceleration must be zero as well.  

In summary, the acceleration will be zero whenever an object moves with constant speed in a straight line.    




	Case:  Speeding up on a straight track


	The definition of average acceleration is:

According to this definition, the vector average acceleration is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition indicates that the two vectors ( and ) have the same direction.  We would like to apply this definition to find the direction of the acceleration at point D.  Then  and  in the definition correspond to an interval that spans point D, i.e., an interval with an initial point just before point D and with a final point just after point D.  The diagrams below illustrate this idea graphically.
[image: ]
Suppose that a ball rolls downhill along a straight track from point 1 to 2 to 3.  As the ball rolls downhill, it speeds up.  Hence the lengths of the velocity arrows get progressively longer.  

Recall that the change in velocity between the final point (point 3) and the initial point (point 1) is:
.
This is equivalent to saying that  is the quantity that must be added to the initial velocity in order to obtain the final velocity:  

[image: ]The diagram at right shows the vector (the red vector) that must be graphically added to vector  to obtain .  Hence, the red vector must be .  

According to the definition of average acceleration,
[image: ]
Since  is a positive scalar, the direction of the acceleration must be the same as the direction of the change in velocity.  The relative magnitudes of  and  depend on the value of .  

[image: ]If the interval is short enough, then the average acceleration for the interval is equal to the instantaneous acceleration at the midpoint of the interval, point 2.   This is illustrated in the diagram at right.  Notice that the acceleration is in the same direction as the velocity.  

In summary, the angle between the velocity and acceleration will be 0° whenever an object speeds up while moving in a straight line.  




	Case:  Slowing down on a straight track


	The definition of average acceleration is:

According to this definition, the vector average acceleration is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition indicates that the two vectors ( and ) have the same direction.  We would like to apply this definition to find the direction of the acceleration at point D.  Then  and  in the definition correspond to an interval that spans point D, i.e., an interval with an initial point just before point D and with a final point just after point D.  The diagrams below illustrate this idea graphically.
[image: ]
Suppose that a ball rolls uphill along a straight track from point 1 to 2 to 3.  As the ball rolls uphill, it slows down.  Hence the lengths of the velocity arrows get progressively shorter.  

Recall that the change in velocity between the final point (point 3) and the initial point (point 1) is:
.
This is equivalent to saying that  is the quantity that must be added to the initial velocity in order to obtain the final velocity:  

[image: ]The diagram at right shows the vector (the red vector) that must be graphically added to vector  to obtain .  Hence, the red vector must be .  

According to the definition of average acceleration,
[image: ]
Since  is a positive scalar, the direction of the acceleration must be the same as the direction of the change in velocity.  The relative magnitudes of the  and  depends on the value of .  

[image: ]If the interval is short enough, then the average acceleration for the interval is equal to the instantaneous acceleration at the midpoint of the interval, point 2.   This is illustrated in the diagram at right.  Notice that the acceleration is opposite in direction to the velocity.  

In summary, the angle between the velocity and acceleration will be 180° whenever an object slows down while moving in a straight line..




	Case:  Turning around on a straight track
	The definition of average acceleration is:

According to this definition, the vector average acceleration is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition indicates that the two vectors ( and ) have the same direction.  We would like to apply this definition to find the direction of the acceleration at point D which is a turning point.  Then  and  in the definition correspond to an interval that spans point D, i.e., an interval with an initial point just before point D and with a final point just after point D.  The diagrams below illustrate this idea graphically.

[image: ]Suppose that a ball rolls uphill along a straight track from point 1 to 2.  Point 2 is a turning point.  Afterward, the ball rolls back downhill from point 2 to 3.  Points 1 and 3 are the same point.  As the ball rolls uphill, it slows down.  As it rolls downhill, it speeds up.  .  

Recall that the change in velocity between the final point (point 3) and the initial point (point 1) is:
.
This is equivalent to saying that  is the quantity that must be added to the initial velocity in order to obtain the final velocity:  

[image: ]The diagram at right shows the vector (the red vector) that must be graphically added to vector  to obtain .  Hence, the red vector must be .  

According to the definition of average acceleration,
[image: ]
Since  is a positive scalar, the direction of the acceleration must be the same as the direction of the change in velocity.  The relative magnitudes of the  and  depends on the value of .  

[image: ]If the interval is short enough, then the average acceleration for the interval is equal to the instantaneous acceleration at the midpoint of the interval, point 2.   This is illustrated in the diagram at right.  Notice that the acceleration points down the incline.  

In summary, the acceleration at a turning point is not zero.  It points down the incline.





	Feedback for Acceleration Directions for FREEFALL (Primary feedback)
(feedback depends on student previous selecting correct direction for the velocity)

	Student Answer
	Feedback

	Case:  Speeding up on a curve

Student indicates the angle between the velocity and acceleration is obtuse.
	You indicated that the angle between the velocity and acceleration at point D is obtuse but not 180°.  An obtuse angle smaller than 180° indicates that the ball is slowing down while following a curved path.  Is the ball slowing down at point D?

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?

	Case:  Speeding up on a curve

Student indicates the acceleration is perpendicular to the velocity
	You indicated that the acceleration at point D is perpendicular to the velocity.  
If the angle between the ball’s velocity and acceleration is 90°, then the ball is turning but is neither speeding up nor slowing down.  Is this true?  

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?

	Case:  Speeding up on a curve

Student states the acceleration is the same direction as the velocity
	You indicated that the direction of the acceleration at point D is the same as the direction of the velocity.  When the angle between the velocity and acceleration is 0°, then the ball speeds up while moving in a straight line.  Is the ball moving in a straight line?  

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?

	Case:  Speeding up on a curve

Student states acceleration points toward exterior of curve
	You indicated that the acceleration at point D is directed toward the exterior of the curve along which the ball is rolling.  Is that possible?  (Hint:  the answer is no!)  

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?

	Case:  Speeding up on a curve

Student states acceleration is opposite to the velocity.
	You indicated that the acceleration at point D is opposite in direction to the velocity.  When the angle between the velocity and acceleration is 180°, then the ball slows down while moving in a straight line.  When the ball is at point D is it slowing down?  Is it moving in a straight line? 

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?

	Case:  Speeding up on a curve

Student states acceleration is zero.
	You indicated that the acceleration at point D is zero.  An object with zero acceleration is either sitting at rest for a period of time or is moving with constant speed in a straight line.  Is either of these true? 

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?




	Case:  Slowing down on a curve

Student indicates the angle between the velocity and acceleration is acute.
	You indicated that the angle between the velocity and acceleration at point D is acute but not 0°.  An acute angle bigger than 0° indicates that the ball is speeding up and following a curved path.  Is the ball speeding up at point D? 

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?

	Case:  Slowing down on a curve

Student indicates the acceleration is perpendicular to the velocity
	You indicated that the acceleration at point D is perpendicular to the velocity.  
If the angle between the ball’s velocity and acceleration is 90°, then the ball is turning but is neither speeding up nor slowing down.  Is this true?  

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?

	Case:  Slowing down on a curve

Student states the acceleration is the same direction as the velocity
	You indicated that the direction of the acceleration at point D is the same as the direction of the velocity.  When the angle between the velocity and acceleration is 0°, then the ball speeds up while moving in a straight line.  Is the ball speeding up and moving in a straight line at point D?  

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?

	Case:  Slowing down on a curve

Student states acceleration points toward exterior of curve
	You indicated that the acceleration at point D is directed toward the exterior of the curve along which the ball is rolling.  Is that possible?  (Hint:  the answer is no!)  

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?

	Case:  Slowing down on a curve

Student states acceleration is opposite to the velocity.
	You indicated that the acceleration at point D is opposite in direction to the velocity.  When the angle between the velocity and acceleration is 180°, then the ball slows down while moving in a straight line.  Is the ball moving in a straight line at point D?  

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?

	Case:  Slowing down on a curve

Student states acceleration is zero.
	You indicated that the acceleration at point D is zero.  An object with zero acceleration is either sitting at rest for a period of time or is moving with constant speed in a straight line.  Is either of these true at point D?  

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?




	Case:  Max/min speed on a curve

Student indicates the angle between the velocity and acceleration is acute.
	You indicated that the angle between the velocity and acceleration at point D is acute but not 0°.  An acute angle bigger than 0° indicates that the ball is speeding up and following a curved path.  The ball slows down prior to point D.  It speeds up after point D.  When the ball is exactly at point D, is it either speeding up or slowing down? 

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?

	Case:  Max/min speed on a curve

Student indicates the angle between the velocity and acceleration is obtuse.
	You indicated that the angle between the velocity and acceleration at point D is obtuse but not 180°.  An obtuse angle smaller than 180° indicates that the ball is slowing down and following a curved path.  The ball slows down prior to point D.  It speeds up after point D.  When the ball is exactly at point D, is it either speeding up or slowing down?  

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?

	Case:  Max/min speed on a curve

Student states the acceleration is the same direction as the velocity
	You indicated that the direction of the acceleration at point D is the same as the direction of the velocity.  When the angle between the velocity and acceleration is 0°, then the ball speeds up while moving in a straight line.  Is the ball speeding up when it is at point D?  Is the ball moving in a straight line when it is at point D?  

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?

	Case:  Max/min speed on a curve

Student states acceleration points toward exterior of curve
	You indicated that the acceleration at point D is directed toward the exterior of the curve along which the ball is rolling.  Is that possible?  (Hint:  the answer is no!)  

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?

	Case:  Max/min speed on a curve

Student states acceleration is opposite to the velocity.
	You indicated that the acceleration at point D is opposite in direction to the velocity.  When the angle between the velocity and acceleration is 180°, then the ball slows down while moving in a straight line.  Is the ball slowing down when it is at point D?  Is the ball moving in a straight line when it is at point D?  

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?

	Case:  Max/min speed on a curve

Student states acceleration is zero.
	You indicated that the acceleration at point D is zero.  An object with zero acceleration is either sitting at rest for a period of time or is moving with constant speed in a straight line.  Is either of these true?  

In addition, remember that at point D the ball is flying through a vacuum.  Hence, the acceleration of the ball at point D is the freefall acceleration (i.e., the acceleration of gravity).  In what direction is the freefall acceleration?




	Feedback for Acceleration Directions for FREEFALL (Theory)
(feedback depends on student previous selecting correct direction for the velocity)

	Case:  Max/Min speed on a curve


	The definition of average acceleration is:

According to this definition, the vector average acceleration is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition indicates that the two vectors ( and ) have the same direction.  We would like to apply this definition to find the direction of the acceleration at point D.  Then  and  in the definition correspond to an interval that spans point D, i.e., an interval with an initial point just before point D and with a final point just after point D.  The diagrams below illustrate this idea graphically.

[image: ]Suppose that a ball follows a parabolic trajectory.  It goes upward from point 1 to 2, then downward from point 2 to 3.  Point 2 is at the apex of the parabola so the speed at point 2 is the slowest.  Hence the length of  is the shortest.  Assume that point 2 is at the exact center of the interval from point 1 to 3.  Then the speeds at point 1 and 3 are equal.  

Recall that the change in velocity between the final point (point 3) and the initial point (point 1) is:
.
This is equivalent to saying that  is the quantity that must be added to the initial velocity in order to obtain the final velocity:  

[image: ]The diagram at right shows the vector (the red vector) that must be graphically added to vector  to obtain .  Hence, the red vector must be .  

According to the definition of average acceleration,
[image: ]
Since  is a positive scalar, the direction of the acceleration must be the same as the direction of the change in velocity.  The relative magnitudes of  and  depend on the value of .  

[image: ]If the interval is short enough, then the average acceleration for the interval is equal to the instantaneous acceleration at the midpoint of the interval, point 2.   This is illustrated in the diagram at right.  Notice that the resulting acceleration vector is perpendicular to the velocity at point 2.  

In summary, the acceleration will be perpendicular to the velocity whenever an object turns but is not speeding up or slowing down.  In addition, the acceleration is directed toward the interior of the turn.  

Having demonstrated the theory above, recall that the acceleration for an object that is flying through a vacuum is the freefall acceleration (i.e., the acceleration of gravity).  The freefall acceleration has a magnitude of 9.8m/s2 and is directed vertically downward.  




	Case:  Speeding up on a curve


	The definition of average acceleration is:

According to this definition, the vector average acceleration is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition indicates that the two vectors ( and ) have the same direction.  We would like to apply this definition to find the direction of the acceleration at point D.  Then  and  in the definition correspond to an interval that spans point D, i.e., an interval with an initial point just before point D and with a final point just after point D.  The diagrams below illustrate this idea graphically.
[image: ]
[bookmark: _GoBack]Suppose that a ball follows a parabolic trajectory.  It speeds up as it goes downward from point 1 to 2 to 3.  Hence the lengths of the velocity vectors get progressively longer.  

Recall that the change in velocity between the final point (point 3) and the initial point (point 1) is:
.
This is equivalent to saying that  is the quantity that must be added to the initial velocity in order to obtain the final velocity:  

[image: ]The diagram at right shows the vector (the red vector) that must be graphically added to vector  to obtain .  Hence, the red vector must be .  

According to the definition of average acceleration,
[image: ]
Since  is a positive scalar, the direction of the acceleration must be the same as the direction of the change in velocity.  The relative magnitudes of  and  depend on the value of .  

[image: ]If the interval is short enough, then the average acceleration for the interval is equal to the instantaneous acceleration at the midpoint of the interval, point 2.  This is illustrated in the diagram at right.  Notice that the angle between the acceleration and velocity vectors at point 2 is acute but not 0°. 

In summary, the angle between the velocity and acceleration will be acute but not 0° whenever an object speeds up while turning.  In addition, the acceleration is directed toward the inside of the turn.  

Having demonstrated the theory above, recall that the acceleration for an object that is flying through a vacuum is the freefall acceleration (i.e., the acceleration of gravity).  The freefall acceleration has a magnitude of 9.8m/s2 and is directed vertically downward.  




	Case:  Slowing down on a curve


	The definition of average acceleration is:

According to this definition, the vector average acceleration is obtained by dividing a vector by a scalar.  Since the scalar () is always positive, this definition indicates that the two vectors ( and ) have the same direction.  We would like to apply this definition to find the direction of the acceleration at point D.  Then  and  in the definition correspond to an interval that spans point D, i.e., an interval with an initial point just before point D and with a final point just after point D.  The diagrams below illustrate this idea graphically.
[image: ]
Suppose that a ball follows a parabolic trajectory.  It slows down as it goes upward from point 1 to 2 to 3.  Hence the lengths of the velocity arrows get progressively shorter.  

Recall that the change in velocity between the final point (point 3) and the initial point (point 1) is:
.
This is equivalent to saying that  is the quantity that must be added to the initial velocity in order to obtain the final velocity:  

[image: ]The diagram at right shows the vector (the red vector) that must be graphically added to vector  to obtain .  Hence, the red vector must be .  

According to the definition of average acceleration,
[image: ]
Since  is a positive scalar, the direction of the acceleration must be the same as the direction of the change in velocity.  The relative magnitudes of  and  depend on the value of .  

[image: ]If the interval is short enough, then the average acceleration for the interval is equal to the instantaneous acceleration at the midpoint of the interval, point 2.   This is illustrated in the diagram at right.  Notice that the angle between the acceleration and velocity vectors at point 2 is obtuse.  

In summary, the angle between the velocity and acceleration will be obtuse whenever an object slows down while turning.  In addition, the acceleration is directed toward the inside of the turn.  

Having demonstrated the theory above, recall that the acceleration for an object that is flying through a vacuum is the freefall acceleration (i.e., the acceleration of gravity).  The freefall acceleration has a magnitude of 9.8m/s2 and is directed vertically downward.  
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